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Summary

Delving into the intricate dynamics of lamprey populations, we focus on their adaptive response to
environmental conditions through alterations in sex ratios. Our study primarily consists of two parts:
methodology and experiments.

We establish three distinct models, namely the Population Dynamics (P.D.) Model, Mating Model
(M. Model), and Food Web Model (F.W. Model) to form our Large Lampery Model (LLM). Each
of these models corresponds to different time scales.

The M. Model, operating on a small time scale, scrutinizes the influence of mating behavior on
the population. It incorporates pre-copulatory sexual selection, employing a fitness variance-based
approach to gauge the strength of sexual selection. We utilize two Bayesian Models to explore the
impact of individual phenotypic characteristics on lamprey mating dynamics.

Moving to a medium time scale, the F.W. Model explores the effects of multiple hosts and parasites
on the population. Through the incorporation of a functional response function, the model describes
how individual species acquire resources or engage in predation. The solution to the corresponding
Ordinary Differential Equations (ODE) involves the use of the Proper orthogonal decomposi-
tion (POD) method for linear approximation, Jacobi Diagonalization for system decoupling, and the
Crank-Nicolson method for numerical solution.

The P.D. Model, addressing a large time scale, studies the impact of dynamic growth on the pop-
ulation over decades. Building upon the Naive Model, this iteration incorporates the influence of the
mating system, and the system is solved analytically to discern long-term population dynamics.

To fortify the credibility of the study, we select three representative lamprey species for experimental
analysis and conduct a comparative study of two Bayesian Models.

For task 1, we compare sex ratio changes and stability across three indicators, namely the Ecosystem
Functionality, the Ecosystem Empowerment, and the Ecosystem Integrity. We conclude from these
three dimension that changing sex ratios enhances the performance of the larger ecological system.

For task 2, we predict lamprey populations at medium and large scales. Results indicating that the
advantage of altering the sex ratio is to expand populations in challenging environments. However,
it also points to the disadvantage of significant population fluctuations over time, leading to relatively
poor stability.

For task 3, we make the simulation of the P.W. model 500 times. We notice that the group where the
sex ratio is subject to alteration exhibits greater variance in the deviation of the P.W. model, indicating
it will pose a negative impact on the stability of the ecosystem

Finally, we predict changes in the populations of hosts and lamprey competitors for task 4, finding
that altering the sex ratio provides other parasites with an advantage in the short term.

Keywords: Bayesian Model Ordinary Differential Equations Proper Orthogonal Decomposition
Jacobi Diagonalization Crank-Nicolson
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1 Introduction
1.1 Background

Sea lampreys, characterized by a long, eel-like body and a round, jawless mouth filled with numer-
ous rows of sharp teeth, play intricate roles in ecosystems. They are seen as parasites in some lake
habitats while serving as a food source in some regions of the world as well. The sex determination in
sea lampreys is primarily influenced by external circumstances. In the presence of abundant food, the
proportion of male lampreys tends to decrease. Conversely, in situations of food scarcity, the proportion
of male lampreys increases.

The phenomenon of lampreys altering their gender ratios based on external environmental changes
highlights the significance of studying species that can adjust their gender ratios according to resource
availability. Such research provides valuable insights into the development of these species and their
impact on ecosystems.

1.2 Problem Restatement
In this paper, we need to deal with the following tasks:

• Task 1: Establish a model to evaluate the impact of altering lampreys’ sex ratio on the larger
ecological system.

• Task 2: Develop a model to predict the influence of altering the sex ratio to the population of
lampreys and analyse the advantages and disadvantages accordingly.

• Task 3 : Build several models to study the impact on the stability of the ecosystem considering
the changes in the sex ratios of lampreys.

• Task 4 : Integrate data from other organisms in the ecosystem into the model to assess the
advantages conferred to other species by changes in lamprey sex ratios.

1.3 Our Work
We made a flow chart to better represent our work.
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Figure 1: Flow chart of our work

2 Assumptions and Justifications
• Assumption 1: We assume that the lamprey population follows logistic growth.

• Justification: Through literature review[1], we deduce that the logistic model can better predict
the growth of lamprey.

• Assumption 2: We assume that lampreys adopt one-to-one mating strategy.

• Justification: In the natural environment, we acknowledge that lampreys typically exhibit a
polygynous mating system. However, to simplify the model, we assume a monogamous mating
system for lampreys. This simplification is a common assumption in many studies investigating
lamprey mating behavior.

• Assumption 3: The food web of lampreys is dominated by the hosts.

• Justification: As indicated in reference, the interplay between hosts and parasites assumes a
pivotal role within the lamprey food web.

• Assumption 4: The estimation of both input and output energy for a given species can be derived
through its overall size, a methodology that can similarly be applied to assess the accompanying
ecosystem energetics.

• Justification: In ecosystems, trophic pyramids highlight the size-energy transfer connection.
Physiological constraints and ecological models recognize size’s impact on energy dynamics.
Despite variations due to interspecies differences and environmental conditions, a species’ size
remains a key factor affecting its energy input and output, thus further correlating with indicators
of one ecosystem.
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3 Notations

Symbol Definition Unit

N the number of lamprey population /
M the number of male lamprey population /
F the number of female lamprey population /
θm,f successful mating rate /
Tm,f the number of mating attempts of one individual /
α survival rate of eggs from one mating /
Hi the number of the i-th host population /
Pj the number of the j-th parasite population /
b birth rate of lamprey population /
d death rate of lamprey population /
S size of lamprey population mm
∆T grid size for large time scale model decade
∆t grid size for medium time scale model month

4 Methodology

Figure 2: Schematic Diagram of the Lamprey Growth Cycle

The lamprey life cycle involves spawning in nests in clear streams, hatching into larvae that drift
downstream and burrow into sediment to become filter feeders. After a metamorphosis phase, they
make a transition into either freshwater-dwelling adults or anadromous adults that migrate to the sea,
prey on other animals (depending on whether parasitic), and return to freshwater to spawn and die.
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Reproduction involves nest-building, egg fertilization, and the subsequent death of both adults. Corre-
spondingly, we characterize this life cycle by introducing the following models: Population Dynamics
(P.D. Model), Mating Model (M. Model) and the Food Web Model (F.W. Model).

4.1 Large Lamprey Model (LLM)

Figure 3: LLM Hub

As illustrated in Figure 3, we divide the LLM
into three sub-models on large, medium, and
small time scales. The M. Model investigates the
impact of mating behavior on the population, cor-
responding to a small time scale, with a time span
measured in days. The F.W. Model explores the
effects of multiple hosts and parasites on the pop-
ulation, corresponding to a medium time scale,
with a time span measured in months. Finally, the
P.D. Model studies the impact of dynamic growth
on the population, corresponding to a large time
scale, with a time span measured in decades.

In the natural environment, empirical obser-
vations indicate that the reproductive cycle of
lampreys spans approximately 15 to 40 days, with
an average gestation period of approximately 6 months. Furthermore, the average lifespan of an indi-
vidual lamprey is observed to fall within the range of 5 to 10 years. In practical implementation, as
the time scale of the M. Model is relatively small in contrast to the other models, we assume it to be
continuous. We define the time scale of the P.D. Model and the F.W. Model as the Outer Iteration
and Inner Iteration respectively. Additionally, one Inner Iteration is developped within the smallest
interval of the Outer Iteration.

4.2 Population Dynamics (P.D. Model)
4.2.1 Population Dynamics without Sex Variation

To begin with, we model the dynamic system with the naive growth model.

N(t+ 1) = N(t) + (b− d) ·N(t) (1)

where b stands for the birth rate, d stands for the death rate and N(t) represents the number of lampreys
at time t.

4.2.2 Population Dynamics with Sex Variation

We further characterize the male and female components of the lamprey community.

M(t+ 1) = M(t) + p · (b− d) ·N(t)

F (t+ 1) = F (t) + (1− p) · (b− d) ·N(t)

N(t) = M(t) + F (t)

(2)
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where M(t) stands for the number of males, F (t) for the number of females and p stands for the
probability of developing as a male.

4.3 Mating Model (M. Model)
The mating behavior of lampreys has been previously studied using mathematical distributions

within the confined timeframe of the breeding season[2]. Lampreys exhibit temporal variations in sex-
ual selection due to changes in the operational sex ratio (OSR) during different breeding phases. These
phases include a nest-building phase with most females, a spawning phase with a prevalence of males,
and a return to an excess of females towards the end of the season, resulting in a highly polygynan-
drous system. In this study, we investigated the effects of the lamprey mating system on birth rate.
According to the work [2], we estimated pre-copulatory sexual selection throughout the breeding sea-
son and employed fitness variance-based approaches to assess the strength of sexual selection. Two
Bayesian models were then utilized to examine the mechanisms of selection on traits, including body
size and temporal spawning pattern. By integrating trait-based measures of sexual selection, we aimed
to elucidate the factors influencing mating success. This model contributes to understanding the intri-
cate interplay between sexual selection, mate choice, and individual phenotypic characteristics within
lamprey mating dynamics.

4.3.1 Birth Rate Resulting from Mating System

Mating systems are confirmed as the major contributor to the birth of species, thus we first design
the general form of successful mating times, which is characterized by two distributions sequentially.
The mathematical relationship can be further characterized by Equation 3.

Am,f,t ∼ Poisson (Tm,f,t)
Cm,f,t ∼ Binomial (Am,f,t, θm,f,t)

(3)

where Poisson(•) denotes the Poisson distribution, and Binomial(•) denotes the Binomial distribution.
The first three-dimensional array Am,f,t stands for the total number of matings between each male and
female, and the second three-dimensional array Tm,f,t represents the number of mating attempts of one
individual and the third three-dimensional array θm,f,t denotes the success rate of one mating, which is
followed by the implicit constraint θi,j,km,f,t ∈ [0, 1]. And Cm,f,t denotes the successful mating times.

With a few minutes of careful calculation, we finally work out the experience of the snapshot matrix
Cm,f,t=t0 at time t0:

E (Cm·f ) =
+∞∑
k=1

P (Cm,f = k) · k

= lim
n→∞

n∑
k=1

(
n
k

)
.Ak

m,f · θn−k
m,f · k.

= θm,f ·

(
lim
n→∞

n∑
k=1

e−Tm,f · (Tm,f )
i

(i!)

)
· Tm,f .

= θm,f · Tm,f

(4)
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We can further get the birth rate by multiplying the survival coefficient by the experience of the
successful mating times.

b = α · E(Cm,f ) = α · θm,f · Tm,f (5)

In actuality, the coefficient α delineates the survival rate of eggs transitioning from successful mat-
ing to the juvenile phase, encompassing factors such as predation by fish or invertebrates, competition
for resources, physical disturbances like water flow or sedimentation, and the conceivable influence of
pollutants or toxins within the ambient environment.

4.3.2 First Bayesian Model Based on Sexual Selection

Symbol Definition Unit

Sm male size mm
Sf female size mm

OSRt ratio of receptive male to female mm
CSM average male size mm
CSF average female size mm
Sm male size mm

RPm,t reproductive period of male day
RPf,t reproductive period of female day
r1,m random male effects (individual) for uncontrolled source of variation /
r1,f random female effects (individual) for uncontrolled source of variation /

In this section, we present our first Bayesian model that focuses on the role of sexual selection in
mating dynamics. The first Bayesian model employs a daily time-step analysis of mating interactions,
and was designed to investigate the influence of daily variations in the social environment (e.g., op-
erational sex ratio, size of current competitors) on the two processes contributing to mating success:
the number of mating attempts Tm,f,t and the rate of successful mating θm,f,t. We hypothesized that
larger males and females would exhibit higher mating success, as body size generally affects intrasexual
mate competition [3]. Additionally, we anticipated a higher probability of successful mating in pairs
of similar size, based on the possibility of size-assortative mating in lampreys as suggested by [4].

Furthermore, we predicted interactive effects between individual phenotype and the social environ-
ment, where the positive impact of body size on mating success would be more pronounced in a more
competitive environment. In this manner, we incorporate parameters such as individual phenotypic
traits, social environment factors, and the dynamics of mating acts to understand how sexual selection
influences mating patterns. By considering factors like body size, size difference between partners,
operational sex ratio, and time since the start of the reproductive period, we aim to quantify the effects
of these variables on the number of mating attempts and the probability of successful matings. This
relationship can be further demonstrated as follows (definition of notations used can be found in Table
7 and inv.logit denotes the inverse function of the logistic function):
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Tm,f,t = exp

 α1 + β1Sm + β2Sf + β3 abs (Sm − Sf ) + β4OSRt + β5 (Sm ∗ OSRt)
+β6 (Sf ∗ OSRt) + β7 (CSMt − Sm) + β8 (CSFt − Sf ) + β9RPm,t

+β10RPf,t + r1,m + r1,f


θm,f,t = inv. logit

 α2 + β11Sm + β12Sf + β13 abs (Sm − Sf ) + β14OSRt+
β15 (Sm ∗ OSRt) + β16 (Sf ∗ OSRt) + β17 (CSMt − Sm)+

β18 (CSFt − Sf ) + β19RPm,t + β20RPf,t + r2,m + r2,f

 (6)

4.3.3 Second Bayesian Model based on Identified Traits

Symbol Definition Unit

r2,m random effect /
r2,f random effect /
Im mating activity first date of male /
If mating activity first date of female /
Dm duration of mating activity of male s
Df duration of mating activity of female s

In this subsection, we introduce another Bayesian model that focuses on the influence of specifi-
cally identified traits on mating dynamics, aiming to explore whether the processes leading to mating
success were influenced by temporal characteristics of mating activities subjecting to selection. We
hypothesized that individuals initiating mating early in the season and spreading their mating efforts
over a longer period would have a higher number of mating attempts. Furthermore, we investigated
the interaction between body size and the temporal distribution of mating activity, as the fitness bene-
fits of adopting specific temporal patterns may depend on individual phenotype. For example, smaller
individuals may compensate for their lower competitive ability by concentrating their mating activity
within a shorter timeframe.

In the study [2], the authors investigate the effects of individual phenotypic traits, such as body
size, on the number of mating attempts and the probability of mating success. By examining the re-
lationships between these traits and mating outcomes, the authors aim to identify which traits play a
significant role in determining mating success. This model provides insights into the relative impor-
tance of different traits in driving mating patterns, allowing us to better understand the selective forces
acting on individuals within a population. The math model can be further refined as the following
Equation 7, (definition of notations used can be found in Table 8 and inv.logit denotes the inverse
function of logistic function).

Tm,f = exp

 α1 + β1Sm + β2Sf + β3 abs (Sm − Sf ) + β4Im + β5If+
β6Dm + β7Df + β8 (Sm ∗ Im) + β9 (Sf ∗ If ) + β10 (Sm ∗Dm)

+β11 (Sf ∗Df ) + r1,m + r1,f


θm,f = inv. logit

 α2 + β12Sm + β13Sf + β14 abs (Sm − Sf ) + β15Im + β16If+
β17Dm + β18Df + β19 (Sm ∗ Im) + β20 (Sf ∗ If ) + β21 (Sm ∗Dm)

+β22 (Sf ∗Df ) + r2,m + r2,f

 (7)
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We should also note that, in the practical calculation, we use the Multiple Linear Regression
(MLR) [12] to generate the coefficients in Equation [6; 7]

4.4 Modified Population Dynamic Model Considering the Mating System
4.4.1 Setup of the Dual Logistic Model

In the context of lamprey population dynamics, a modified model is proposed that incorporates
the mating system’s influence. The modified model adopts a dual logistic framework to capture the
interactions between reproductive processes and population growth. One logistic curve represents the
reproductive output, incorporating factors such as mating success, fecundity, and survival rates of eggs
and larvae. The other logistic curve describes the population growth rate, considering factors such as
mortality rates, resource availability, and environmental conditions. By integrating the mating system
into the population dynamic model, a more accurate representation of lamprey population dynamics can
be achieved, considering the influence of reproductive processes on population growth and persistence. M(t+ 1)−M(t) = p · [b− d(M + F )](M + F )

F (t+ 1)− F (t) = p · [b− d(M − F )](M − F )
L(t) = [M(t), F (t)]⊤

(8)

⇒
{

∇t(M(t) + F (t)) = 2p ·M(t)[b− d(M(t) + F (t))]
∇t(M(t)− F (t)) = 2p · F (t)[b− d(M(t)− F (t))]

(9)

⇒


∇t(A · L(t)) = p · (2b · L(t)− 2d · L⊤(t) · L(t) · 1)
A =

[
1 1
1 −1

]
L(t) = [M(t), F (t)]⊤

1 = [1, 1]⊤

(10)

4.4.2 Solution to the Dual Logistic Model

With the knowledge of Ordinary Differential Equations, our detailed solution is presented as fol-
lows:

∆L(t)
2b · L(t)− 2d · L⊤(t) · L(t) · 1 = p · A−1∆t

⇒

{
L(t) = b

d

(
I2 + ec·p·A

−1t
)−1

· ec·p·A−1t · 1
b = α · E(Cm,f ) = α · Tm,f · θm,f

(11)

where c represents the integration constant and ec·p·A
−1t stands for the matrix exponential, with c, p, t

scalars and A−1 the inverse of matrix A mentioned in Equation 10.

4.5 Food Web Model (F.W. Model)
In this section, we model the behavior of multiple hosts and parasites. We should also note that this

model is based on the medium time scale, as demonstrated in section 4.1.
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4.5.1 Single Species Functional Response

Population growth in a food web is predominantly governed by the resource acquisition rate of
a species, while population decline is primarily influenced by predation rate, as well as metabolic
processes and natural mortality. Consequently, accurately simulating population dynamics necessitates
an understanding of the rate at which species acquire resources or engage in predation. Typically, this
rate is characterized by a functional response function, as originally proposed by [8]. In the context of
lampreys, comprehending their resource acquisition and predation rates, as described by the functional
response function, is fundamental for studying their population dynamics within the food web.

Figure 4: Three functional responses

where N represents prey density, F (N) represents the predation rate of an individual predator, a
represents the attack rate of the predator, and h represents the handling time required to process a prey
item. q is a parameter that regulates the density-dependent form. When q = 0, the predation rate
F (N) is a constant independent of prey density N, referred to as a Type I functional response. When
q = 1, F (N) increases linearly with N at low densities and then saturates at a certain level, known
as a Type II functional response. When q = 2, F (N) increases quadratically with N at low densities
and then saturates, also known as a Type III functional response. Many researchers have analyzed the
relationship between prey density and predation rate and have found that many systems follow a Type
II functional response [8].

4.5.2 Multispecies Functional Response

We employ a series of Ordinary Differential Equation (ODE) characterizing the relationship
between the host and the parasites. We numerically investigate the behavior of the host-parasite inter-
action system with type-II functional response for n hosts and n parasites and the function is presented
as follows:
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dHi

dt
=

(
ri

(
1−

∑n
k=1 φikHk

K

)
−

n∑
k=1

αik

1 +
∑n

ℓ=1 βikHℓ

Pk

)
Hi

dPj

dt
=

(
n∑

k=1

ckjαkj

1 +
∑n

i=1 βkiHi

Hk − dj

)
Pj

(12)

where i, j = 1, 2, · · · , n,

• Hi: The population number of the i-th host.

• Pj: The population number of the j-th parasite.

• ri: The basal growth rate of host i

• dj: The death rate of parasite j

• K: The carrying capacity of hosts

• ϕik: Competitive ability between hosts

• cij: Competitive ability between host-to-parasite conversion due to host utilization

• βik: Energy allotment of parasites to other host type

We should note that α denotes the parasitism efficiency. To simulate the alternating dominance phe-
nomenon, according to the paper [6], we set the parasitism efficiency matrix A = [αij] to be diagonally
dominant, such that:

αii ≥
∑
j ̸=i

αij, ∀i (13)

4.5.3 Numerical Approaches to Solve the Response ODEs

In this section, we focus on conquering each Inner Iteration mentioned in Section 4.1. In order
to solve the complex nonlinear system characterized by Equation 12, our team first set up the classi-
cal condition for the numerical Finite Difference Method [7]. Notably, as we are solving the multi-
dimensional ODEs, we modify the storage mechanism of the target matrix and the intermediate vectors.

Figure 5: Scheme of Inner Iteration within one large
scale time interval

In Figure 5, the lower-left and upper-right cor-
ners represent values determined based on the
P.D. model. Consequently, the x-axis corre-
sponds to the smallest granularity of the P.D.
model, specifically the length of each Outer It-
eration. Thus, the P.D. model can be conceptual-
ized as piecewise from the perspective of medium
size. Conversely, the oscillating climbing blue
line denotes the solution derived from the F.W.
model, which, intuitively, adheres to the Lipsitz
condition within the neighbourhood. The Inner
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Iteration problem involves solving Equation 12
with the P.D. model results serving as the initial
condition, encompassing three major steps:

• Step 1: Setup of the general form of finite
difference condition

For computation convenience, we note the host and parasite population as the column stack of the
vectors from Tj to t:

H t = [H (Tj) , H (Tj+∆t) . . . H(t)]

P t = [P (Tj) , P (Tj+∆t) . . . P (t)] .
(14)

In this manner, we restate the Multispecies Functional Response Equation 12 as follows:

d

[
H t

P t

]
dt

= f

([
H t

P t

])
(15)

Subject to the initial conditions:

H (t = Tj) =
[
H

Tj

i , H
Tj

2 . . . H
Tj
n

]⊤
P (t = Tj) =

[
P

Tj

1 , P
Tj

2 . . . P
Tj
n

]⊤
H (t = Tj+1) =

[
H

Tj+1

1 , H
Tj+1

2 . . . H
Tj+1
n

]⊤
P (t = Tj+1) =

[
P

Tj+1

1 , P
Tj+1

2 . . . P
Tj+1
n

]⊤
(16)

• Step 2: Decoupling of the nonlinear operator.

We initially collect the N snapshots of the vector [HTj , P Tj ]⊤j∈{1,2,...NT }, then compute the approx-
imate linear operator K for the problem as follows:

f

([
H t

P t

])
∼= K

[
H t

P t

]
(17)

where K is computed by:

K = f

([
H t

P t

])
· (
[
H t

P t

]⊤ [
H t

pt·

]
)−1

[
H t

P t

]⊤
(18)

Then we implement the Proper Orthogonal Decomposition (POD) [9] to the operator K:

K = T−1DT (19)
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then the ODE is of the form:

d

dt

(
T

[
H t

P t

])
= D

(
T

[
H t

P t

])
(20)

where T is the eigenvector matrix and D denotes the eigenvalue matrix, which is diagonal and thus the
linear transformed system is decoupled. This process is often referred to as Jacobi Diagonalization.

• Step 3: Descretization and dirivative approximation

We first discretize the ODE obtained above in Equation 20 via the one-step method. As our problem
is to model on a relatively small step scale and requires numerically stable results, we solve with the
help of the Crank-Nicolson Method[

H t+∆t

P t+∆t

]
=

[
H t

P t

]
+

∆t

2
·
(
K

[
H t

P t

]
+K

[
H t+∆t

P t+∆t

])
(21)

4.6 Model Evaluation
To evaluate the total size of one lamprey population, we announce the equation as follows:

Stot(t) = Sm ·M(t) + Sf · F (t) + (b− d) [pSlm(t) + (1− p)Slf (t)] (22)

where Stot stands for the total size of the lamprey, Sm, Sf represent the size of male and female adult
lamprey respectively, Slm, Slf stands for the mean size of larval lamprey and p stands for the probability
of larval lampreys altering sex to male.

By the hypothesis above, we assume that larval lamprey grows logistically and the average size of
the lamprey is the integration average of the logistic function, with the final asymptote value equal to
the average adult lamprey size. Thus, Slm can be computed as follows:

Slm =
Sm

∆T

∫ t0+∆T

t0

Logit(t) dt (23)

where Logit denotes the logistic function, and Slf can be computed in the same manner.
Then, we evaluate the impact of the lamprey population on various aspects of ecosystem dynamics,

focusing on ecosystem function, empowerment, and integrity, according to the Odum Theory [13]
proposed by the Nobel Prize nominator H.T Odum:

a) Ecosystem Function:
The ecosystem function, denoted as Efunc, is intricately tied to the population dynamics and total

size of lampreys. A logical model can be expressed through the logistic growth equation:

Efunc =
K · C1

C1 +K
· Stot (24)

where K represents the carrying capacity of the ecosystem, P is the lamprey population, and Stot is the
total size of the lamprey population.

b) Ecosystem Empowerment:
Ecosystem empowerment, denoted as Eempower, reflects the ecological vigour facilitated by the lam-

prey population and its total size. A straightforward model is given by:
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Eempower = C2 · Stot (25)

This model underscores the idea that the empowerment of the ecosystem is intricately linked to
both the abundance and size of the lamprey population.

c) Ecosystem Integrity:
Ecosystem integrity, represented as Eintegrity, is impacted by the balance between the lamprey pop-

ulation and its total size. A balanced ratio is crucial for optimal ecosystem integrity, as indicated by
the model:

Eintegrity =
C3

Stot
(26)

This equation suggests that maintaining a proportional relationship between the lamprey population
and its total size contributes to the overall integrity of the ecosystem.

In summary, the models presented here offer a concrete and logical representation of how the pop-
ulation and total size of lampreys influence ecosystem function, empowerment, and integrity. Adjust-
ments to these models can be made based on empirical data and specific ecological contexts.

5 Numerical Results
5.1 Preparation
5.1.1 Case study: Setup of Three Representative Specimens

Figure 6: Distribution and character of three representative specimens

According to general principles, we have selected the three lamprey species that are most repre-
sentative in terms of characteristics and quantity as our primary subjects of study. The main gathering
areas for these three lamprey species are distinct. Among them, Lampetra planeri, commonly known
as the Brook Lamprey, represents a species with characteristics suitable for studying smaller riverine
ecosystems. Petromyzon marinus, or the Sea Lamprey, has garnered attention due to its significant eco-
logical roles in both freshwater and marine environments. Lastly, Lampetra fluviatilis, known as the
River Lamprey, has been chosen for its dominant presence in riverine systems. The selection of these
three most representative lamprey species not only encompasses different aquatic environments but
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also captures the diversity within the lamprey taxon. The distribution and characteristics comparison
of the three species is illustrated in Figure 7.

Figure 7: Comparison of three lamprey species

5.1.2 Comparative Study: Comparison of two Bayesian Mating Models

To implement the comparative study, we get the coefficients in Equation 6 and 7, with the help
of Multiple Linear Regression (MLR). Experiments are done on the data acquired in the study [2],
where the authors get the data from the European lampreys residing in the river.

(a) θ in the first Bayesian model (b) θ in the second Bayesian model

(c) T in the first Bayesian model (d) T in the second Bayesian model

Figure 8: Comparison of two Bayesian mating models

As depicted in Figure 8, the first and second Bayesian models exhibit an ascending trend in the suc-
cessful mating rate θ as both male and female sizes increase, aligning with the size coupling strategy
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observed in lampreys. Notably, the female size demonstrates a more pronounced incline, corresponding
to the findings of the author [11]. The quantity of mating attempts demonstrates a consistent augmenta-
tion concerning the sizes of both males and females. While the first model adeptly captures the nuances
of the training data, conversely, the second model exhibits poor performance at the extremities. Con-
sequently, we utilize the first model in subsequent experiments.

5.1.3 Parameter Choice and Numerical Simulation

In the numerical experiment, we fix a few parameters which are stated below:

• Choices of parameters of three species:

Figure 9: Comparison of data for three species

According to the specific characterization of the three species, we design the parameters as illus-
trated in Figure 9. Additionally, we simulate the lamprey population with sex ratio alteration and with-
out sex ratio alteration by setting the male-altering possibility to 0.78 and 0.5 respectively (as mentioned
in the question, we choose the possibility when the food availability is low).

• Choices of competitive coefficients in Food Web model:

Due to the lack of real data on the three lamprey populations and for the simplicity of our simulation,
we generate α, β, ϕ, c, r, d as follows:

α = eye(3) + rand(3, 3) · (ones(3, 3)− eye(3)) (27)

β = rand(3, 3), ϕ = rand(3, 3), C = rand(3, 3) (28)

Vector D = rand(3, 1), Vector R = rand(3, 1) (29)

where rand(n,m) generates an n×m matrix with random values uniformly distributed in the range [0,
1], eye denotes the identical matrix.
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These operations result in matrices and vectors with random values, creating a set of diverse and
stochastic elements for further analysis, so it is crucial to emphasize that, we choose to simulate the
competitive coefficients 500 times and take the mean of the results. We should also note that the
following simulation is conducted based on the assumption that the three specimens are competitors
and thus the system is 3-dimensional.

Figure 10: Heatmaps of Different Parameters

• Simulation Process and Equipment Dependency:

In the course of our numerical simulation endeavours, we leverage the capabilities of MATLAB
and Python, two robust programming tools. To execute this digital exploration, our computational re-
sources are anchored in the MacBook Pro, featuring the advanced M2 ultra chip. This high-performance
hardware empowers us not only to model and solve ordinary differential equations (ODEs) but also to
generate compelling visualizations using the Echart.

5.2 Responses to the Questions
5.2.1 Impact on the Larger Ecological System Given Sex Alteration

In this section, we investigate the ecological consequences of inducing food scarcity by manipu-
lating the male-changing probability to 0.78. The numerical outcomes of this simulation, specifically
concerning ecosystem function, empowerment, and ecosystem integrity at the culmination of day 2,
are presented and analyzed.
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Figure 11: Three major indicators of one ecosystem

The obtained data is summarized in Table 12, where we observe variations in ecosystem metrics
under altered conditions. Subsequently, the impact of simulated food scarcity on day 2 is reflected in
Efunc, Eempower, and Eintegrity. Where the conditional number denotes the error propagation rate of each
evaluation function defined by CN = f(δStot)/δStot

The observed changes in these metrics shed light on the nuanced dynamics of the existence of a sex
alteration mechanism and also illustrate the tiny nuance caused by the different initial conditions for
each specimen.

After introducing the sex ratio change mechanism, the ecosystem functionality slightly augments,
the empowerment boosts and ecosystem integrity declines. In a word, given sex alteration, all the
indicators of the ecosystem perform better.

5.2.2 Advantages and Disadvantages of Sex Alteration on Lamprey Population

Figure 12: Male and Female population dynamics with sex alteration
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Figure 12 depicts the variations in lamprey population at different time scales when the sex ratio
of lampreys changes with external conditions. We observe that when the sex ratio of lampreys under-
goes alterations due to external conditions, the trends among three different lamprey types are roughly
similar. Specifically, the female lamprey experiences a rapid decline followed by a quick increase in a
short period, then followed by a slow decline until it levels off. Conversely, the male lamprey exhibits
an opposite trend. Additionally, it is noted that when there is a significant fluctuation in the sex ratio at
a large scale, the fluctuations at the medium scale also increase. This is also reflected in the deviation
variance, as shown in Figure 15.

Figure 13: Lamprey population dynamics comparing the sex changing condition

To better assess the advantages and disadvantages of sex alteration, we predicted the population of
females and males for three lamprey species with and without sex change, as shown in Figure 13. We
observe that, in situations where the sex ratio undergoes alterations, the total population of lampreys
experiences a rapid increase followed by a swift decline before gradually growing until it stabilizes.
Conversely, in cases where the sex ratio remains constant, both males and females exhibit slow growth
until reaching stability, and the total population follows a similar trend.

Therefore, we can infer that altering the sex ratio allows lampreys to rapidly expand their population
in the short term, securing a competitive advantage in resource utilization. Furthermore, changes in
the sex ratio enhance species adaptability, enabling a swift response to environmental shifts, thereby
capitalizing on favorable ecological conditions in the short term. The disadvantages include a rapid
decrease in population within a specific timeframe, and in the short term, there are larger fluctuations
in population at both the medium and large scales. The sharp population fluctuations may have adverse
effects on the ecosystem in the short term.

5.2.3 Impact on the Stability of Ecological System Given Sex Alteration

Here are a few practical metrics that depict the impact of sex ratio change on the ecosystem.
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• Metric 1: Synchronized Cycle of parasites and hosts:

(a) Lampetra planeri (b) Lampetra fluviatilis (c) Petromyzon marinus

Figure 14: Relations between parasite population and host population

In exploring the behavior of a three-dimensional system described by Equation 12, we plot the syn-
chronized phase scheme of the host-to-parasite relationship in Figure 16 in blue lines. Additionally, we
also plot the large time scale model (red lines), which indicates the general direction of the development
of the lamprey species. Stable points have been identified at coordinates (5.9e3, 1.3e5), (1.02e4, 2.8e4),
and (5e4, 1.2e6). These stable points, find resonance with chaotic phenomena in the natural world. A
review of the literature [10] published in Nature Journal underscores the prevalence of stable points,
stable cycles, and chaotic behavior in second or higher-order difference equations, particularly those
representing interactions between two or more species. The literature further notes that the onset of
chaotic behavior often necessitates less severe nonlinearities. This intriguing insight suggests that a
three-dimensional system of first-order ordinary differential equations is a crucial factor for the man-
ifestation of chaotic behavior, providing a theoretical foundation for the stability observed at these
specific points in the host-to-parasite figure.

• Metric 2: Deviation variance on the medium scale:

To evaluate the deviation of the medium time scale F.W. model, we simulate the Inner Iteration
process 500 times and calculate the mean of the model deviation variances as follows:

Vi = V
(∣∣Pi(t)− ∥Li(t)∥L1

∣∣) .
E (Pi(t)) = ∥Li(t)∥L1

(30)

where ∥ • ∥L1 denotes the L1 norm, Vi represents the i-th deviation variance, Pi(t) and Li(t) indicates
the i-th Population number of parasite and the i-th Male-Female population vector. The latter equation
indicates that the mean of the neighbouring two smallest glandular values in the large time scale model
equals the integral average of the solution to the medium size model. In the Figure below, we plot the
distribution of deviations of the F.W. model.
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Figure 15: Deviation variance on the medium scale for three species

5.2.4 Impact on the Others in the Ecosystem

In this section, according to the hypothesis, the dominant influencer in the food web of lampreys is
the host and its competitors, so we plot the host population as follows:

(a) Lampetra planeri (b) Lampetra fluviatilis (c) Petromyzon marinus

Figure 16: Relations between parasite population and host population

As for the influence on the competitors, Figure 12 demonstrates the interaction among parasites, as
mentioned previously, specimen L.planeri do not participate in the intense competition of resources,
thus enjoying a lower intensity of fluctuation.

6 Sensitivity Analysis
As we have analysed the stability of the large time scale model in the previous sections, we focus

on the sensitivity analysis of the medium time scale P.D. model.
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Figure 17: Sensitivity analysis of four variations

In Figure 17, we observe that our model exhibits the highest sensitivity to variations in the survival
coefficient, whereas it demonstrates relatively lower sensitivity to changes in the number of mating at-
tempts, verifying that our model is robust to the daily and inter-individual variation of mating activities.

7 Further Discussion
7.1 Strengths

• When we meet the dilemma of a chaotic system in solving the F.W. model, we avoid the reckless
computation of the system, but gather a relatively novel numerical approach to approximate the
system, and further decouple it with Jacobi Diagonalization, then approximate the derivative

• We opt for three distinct temporal scales to characterize the characteristics of lampreys. On
a large scale, we illustrate trends in the overall quantity and total size Stot of lampreys. On a
medium scale, we meticulously enumerate the variations in lampreys. Finally, on a small scale,
we abstract the fundamental changes during a single mating event, achieving a balanced level
of detail and conciseness.

vector with the finite difference via the Crank-Nicolson one-step method.

• Utilizing distinctive and comprehensive metrics is essential for gaining nuanced insights dur-
ing assessment. The evaluation criteria—integrity, measuring ecosystem coherence and robust-
ness, empowerment, exploring ecological vigour, and functionality, scrutinizing operational
efficiency—provide unique perspectives, collectively contributing to a thorough analysis of the
ecosystem.
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7.2 Weaknesses
• Modelling, algorithmic, and model errors exist. Modelling errors include defects in the Mating

Model, such as size reduction during lamprey mating or sex change. Additionally, the Bayesian
model incorporates a limitation on mating occurrences rather than an ideal probability distribu-
tion. Algorithmic errors involve a quadratic truncation error in the Crank-Nicolson algorithm.
Model deficiencies appear in some biological populations where the granularity of large-scale
models is not significantly reduced in medium-scale models.

• The lamprey’s role in the food web is examined solely concerning hosts and competitors, ne-
glecting interactions with the broader environment and inorganic components.

8 Conclusion
In conclusion, our paper delves into the intricate dynamics of lamprey populations, shedding light

on their adaptive responses through sex ratio adjustments. The methodology, structured around the
Large Lamprey Model (LLM) comprising the Population Dynamics (P.D. Model), Mating Model (M.
Model), and Food Web Model (F.W. Model), spans different time scales, offering a comprehensive
perspective on lamprey behaviors.

Strengths of our approach include meticulous model construction, Bayesian integration, and ex-
perimental analyses, providing valuable insights. However, recognizing inherent weaknesses, such as
modelling errors, algorithmic challenges, and exclusive focus on specific interactions, opens avenues
for refinement.

Tasks 1 and 2 reveal potential enhancements in ecological system performance and advantages in
challenging environments, tempered by stability concerns. Task 3’s extensive P.W. model simulations
showcase a stable equilibrium point, and Task 4 elucidates a short-term competitive advantage for
lampreys through sex ratio adjustments.

In essence, our paper contributes significant knowledge while setting the stage for future research.
Addressing identified weaknesses will refine our understanding of lamprey ecology and advance broader
insights into species adaptation and ecological dynamics. The continuous pursuit of scientific excel-
lence promises a deeper comprehension of the intricate relationships between species and their sex ratio
strategy.
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